Introduction
Recently there is increased interest in studying invisibility cloaks . Methods utilizing plasmonic and negative refractive index materials were proposed to achieve invisibility by canceling the dipole moments of small objects to be concealed [1] [2] [3] [4] . Inspired by the concept of coordinate transformation, some other methods have also been proposed [5] [6] [7] . Especially, the transformation based models proposed in Ref. [6] has been proved to be able to conceal perfectly not only passive objects [12] [13] [14] , but also active sources [16] from external electromagnetic detection. In studies of the transformation based invisibility cloaks, simplified cylindrical cloaks for normally incident waves with only one polarization are often preferred in experimental demonstration [15] , simulations [9, 11] and other practical designs [17-20, 23, 24] . However, the scattering evaluation at only one incident angle is not sufficient to describe the performance of such simplified cloaks. Previously, scattering results for normal incidence were obtained only semi-analytically from commercial simulation tools [21, 22] . Therefore, a fully analytic method to evaluate the performance of simplified cylindrical cloaks at both normal and oblique incidences is needed in designing invisibility cloaks.
The main reasons for scattering from a simplified cloak are the mismatches at the outer and inner boundaries. There was study on the mismatch at the outer boundary that showed that impedance matching at the outer boundary applied by a high-order quadratic transformation in Ref. [18] is able to decrease the scattering efficiently, while there is little study on the mismatch at the inner boundary.
In this paper, the field solutions of the simplified cylindrical cloaks at both normal and oblique incidences are found. The reduced scattering from these simplified cloaks can be achieved only within a limited range of incident angles. The high-order transformation with impedance matched at the outer boundary may produce stronger scattering than the simplified linear one without impedance matched at the outer boundary due to inefficiency of guided waves close to the inner boundary.
Scattering model and analytic algorithm
The configuration of scattering from a cylindrical cloak with outer radius R 2 and inner radius R 1 follows that in Ref.
[13] where a time harmonic plane wave
In this paper we only consider incident waves with vertical polarization, i.e. E hi = 0. Another point here is that the cloak layer between R 1 and R 2 with permittivity tensor ε = ε ρρρ + ε φφφ + ε zẑẑ and permeability tensor μ = μ ρρρ + μ φφφ + μ zẑẑ is a simplified cylindrical cloak. Without loss of generality, we assume that the concealed region of ρ < R 1 is a perfect electric conductor (PEC). We denote α = π/2 − θ i as the incident angle such that α = 0 corresponds to the normal incidence.
In the region of ρ > R 2 , we use scalar potentials ψ z T M and ψ z T E to describe the TE z and TM z harmonic cylindrical waves [13] . In the following, we will derive the state propagator matrix in the cloak shell using state-variable approach [27] . We denote E = E ρ + E s and H = H ρ + H s , where E ρ and H ρ are components parallel toρ while E s and H s are components perpendicular toρ, and ∇× = ∇ s × +∇ ρ ×, where
Faraday's law and Ampere's law can be written as
Noting that for harmonic cylindrical waves of order n, the field has e inφ and e ik z z dependencies, hence the state transfer equation can be deduced after eliminating E ρ and H ρ in Eqs. (2) and (3) as follows:
We let the state function be the four-dimensional vector of V = [E z E φ H z H φ ] T and denote the matrix in Eq. (4) as T . We cut the cloak shell between ρ = R 1 and ρ = R 2 into N layers, each of which has thickness of Δρ. It follows from Eq. (4) that
Subsequently,
By choosing an sufficiently large N and matching the boundary conditions at ρ = R 1 and ρ = R 2 , we are able to solve the field solution for various cylindrical cloaks with continuously varying parameters.
Numerical results and analysis
Now we consider different transformations from virtual space ρ to physical space ρ as follows: linear transformation as [18, 23] ; and square root transformation as ρ = R 1 + (R 2 − R 1 ) ρ /R 2 . The linear transformation allows the formation of virtual space within physical space, which is compressed linearly in the radial direction during the process. In the quadratic transformation, such compression is denser near the inner boundary. In the square root transformation, such compression is denser near the outer boundary. They can form different simplified cylindrical cloaks: (a) Linear simplified cloak [9, 15, 21] 
and μ φ = μ 0 R 2 /(R 2 − R 1 ); (c) Impedance matched quadratic simplified cloak [18, 23] with Figure 1 shows the electric field distribution in xy plane of different simplified cylindrical cloaks illuminated by a normally incident plane wave with vertical polarization. In region ρ > R 2 , only the scattered field is plotted. In Fig. 1(a) , the linear simplified cloak has some intrinsic scattering [21] , especially in the backward direction due to the impedance mismatch. From Fig. 1(a) to Fig. 1(b) , the field pattern inside the cloak shell (the bending effect of waves) does not change much, since these cases are both from linear transformation. However, the scattered field (normalized radar cross section (RCS) Q scat [13] ) is reduced significantly because the impedance at the outer boundary has been matched. The ring-like scattered field pattern is mainly from the zeroth order scattering [21] , which is impossible to be completely eliminated by simplified cloaks due to the lack of surface magnetic current in this case [13, 26] . When the waves reach the inner boundary, instead of inducing magnetic current alongφ direction in the case of ideal cylindrical cloak [13, 26] , they induce electric current alongẑ direction on the surface of PEC core which reradiates and contributes to scattering. From Fig. 1(b) to Fig. 1(c) , the impedance at the outer boundary stays matched, but the quadratic transformation in Fig. 1(c) forces most waves to be bent close to the inner boundary. Thus, more energy of the incident waves is blocked by the PEC core in Fig. 1(c) than in Fig. 1(b) , forming a shadow behind the cloak characterized by a strong forward scattering as shown in Fig. 1(c) . It is worth noting that the normalized RCS in Fig. 1(c) is even larger than that in Fig. 1(a) . This result does not contradict with that in Ref. [18] , since in the case studied in Ref. [18] , the surface electric current on the PEC core happens to be helpful for complete cloaking [13, 26] . In Fig. 1(d) , the square root transformation forces most waves to be bent away from the inner boundary and thus produces a very small RCS. Figure 2 shows the far-field differential normalized RCS [13] of cases (a) to (d) in Fig. 1 . It can be seen that all the simplified cloaks having matched impedance at the outer boundary are able to suppress the backward scattering efficiently. But the impedance matched quadratic simplified cloak has so large forward scattering which leads to an even larger total RCS, while the impedance matched square root simplified cloak is able to suppress both backward and forward scattering, which therefore results in the smallest total RCS.
We can further calculate the scattering at nonnormal incidences. For each simplified cloak, since only ε z , μ ρ and μ φ are specified, we require that μ z /μ 0 = ε z /ε 0 , ε ρ /ε 0 = μ ρ /μ 0 and ε φ /ε 0 = μ φ /μ 0 . As shown in Fig. 3 , the reduced RCS can only be achieved within a limited range of incident angles, beyond which the scattering is even larger than a bare PEC without any cloak. This result is reasonable since the simplified cloaks are all designed for only normal incidence while the scattering performance at other incident angles has not been considered. Therefore it can be expected that as the incident angle increases, the scattering will increase. But an important question is what is the critical incident angle beyond which a simplified invisibility cloak no longer makes an object "invisible" but makes it even more "visible". Obviously, this critical incident angle is of great importance in practical applications of simplified invisibility cloaks.
Conclusion
In summary, we calculated the scattering from the simplified cylindrical cloaks at both normal and oblique incidences. We found that simplified cylindrical cloaks may produce a larger scattering at nonnormal incidences than that from an object without any cloak. The impedance matched high-order transformation forces waves to be bent close to the inner boundary and thus may produce stronger scattering than the simplified linear one without impedance matched at the outer boundary.
